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We study holomorphic Poisson manifolds and holomorphic Lie algebroids from the viewpoint 
of real Poisson geometry. We give a characterization of holomorphic Poisson structures in terms of 
the Poisson Nijenhuis structures of Magri-Morosi and describe a double complex which computes 
the holomorphic Poisson cohomology. A holomorphic Lie algebroid structure on a vector bundle 
A X is shown to be equivalent to a matched pair of complex Lie algebroids {T^'^X, A^'°), in the 
sense of Lu. The holomorphic Lie algebroid cohomology of A is isomorphic to the cohomology of 
the elliptic Lie algebroid T'^'^X ixi A^'*^. In the case when {X, tt) is a holomorphic Poisson manifold 
and A = {T*X)-n, such an elliptic Lie algebroid coincides with the Dirac structure corresponding 
to the associated generalized complex structure of the holomorphic Poisson manifold. 
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1 Introduction 

The aim of this paper is to solve several problems naturally arisen in studying the connection between 
holomorphic Poisson manifolds and holomorphic Lie algebroids with real Poisson geometry. 

Holomorphic Poisson structures appear naturally in many places [5] [20} [121 dSl [33 SI [HI [13] ■ For 
instance, any semi-simple complex Lie group admits a natural Poisson group structure [HI [THl fiP] . 
which is holomorphic. Its dual is also a holomorphic Poisson group. Indeed one of the simplest types 
of examples of holomorphic Poisson manifolds are the Lie-Poisson structures on the dual of complex 
Lie algebras. Holomorphic Poisson structures were also studied from the point of view of algebraic 
geometry by Bondal [5] and Polishchuk [3S] in the middle of the 90's. Recently, holomorphic Poisson 
structures were linked to generalized complex geometry p71 UM [151 UM [H] . 
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There are several equivalent ways of defining holoniorphic Poisson structures. One simple definition is, 
like in the real case, a holomorphic bivector field tt (i.e. tt E r(A^r^'"X) such that Btt — 0) satisfying 
the equation [7r,7r] = 0. Since A^TcX = A^TX i TX, for any tt e r{A^TcX), we can write 
TT — TTfl + ITT/, where Tr^ and vr/ G T{a'^TX) are bivector fields on the underlying real manifold X. 

Problem 1. Are tth and tt/ Poisson structures? And conversely, given two Poisson struc- 
tures ttr and tt/, when does tt = vr/} + itt/ define a holomorphic Poisson structure? 

We give an affirmative answer to the first question. As for the second, we show that tt = tt/j + itt/ is 
holomorphic Poisson if, and only if, (vr/, J) is a Poisson Nijenhuis structure and ttJ^ = J o ttJ. Thus 
(7rfl,7r/) is a bi-Hamiltonian structure on X. 

Poisson Nijenhuis structures were introduced by Magri and Morosi [SH [35| in their study of bi- 
Hamiltonian systems, and were intensively studied afterwards ^23 US]- A Poisson Nijenhuis structure 
[571 HB] on a manifold X consists of a pair (tt, N), where tt is a Poisson tensor on X and N : TX — > TX 
is a Nijenhuis tensor, which satisfy some compatibility conditions (see Section [2.31 for the precise con- 
ditions). By a Nijenhuis tensor, we mean a (1, l)-tensor on X with vanishing Nijenhuis torsion. 

Since Poisson Nijenhuis structures are related to generalized complex structures [U I41j . as a con- 
sequence, we recover the well known correspondence between holomorphic Poisson structures and 
generalized complex structures (of a special type) [191 HI] • 

Another natural question is: 

Problem 2. Given a holomorphic Poisson structure tt — tt/j -1- itt/, are the holomorphic 
symplectic foliation of tt and the symplectic foliations of tt/j and tt/ related? 

Indeed we show that all these symplectic foliations coincide. Also for a holomorphic symplectic 2-form 
Lo = LUji + iuji, we show that the real and imaginary parts of its holomorphic Poisson tensor are, up to 
a constant scalar, the Poisson tensors corresponding to and loj, respectively. 

Lie algebroids are an extremely powerful tool in Poisson geometry. Indeed the Lie algebroid structures 
on a given vector bundle are in one-one correspondence with the so called fiberwise linear Poisson 
structures on the dual bundle. This correspondence extends to the holomorphic context; any holomor- 
phic Lie algebroid structure on the vector bundle A ^ X gives rise to a fiberwise linear holomorphic 
Poisson structure on A* ^ X. Thus the real and imaginary parts of this holomorphic Poisson structure 
are fiberwise linear Poisson structures on the dual bundle (being considered as a real vector bundle). 
Hence one obtains two real Lie algebroid structures A^n and Aq, respectively. 

Problem 3. Obtain an explicit description of the Lie algebroid structures Asr and Aq in 
terms of the holomorphic Lie algebroid structure on A. 

Let A X he a vector bundle endowed with a holomorphic Lie algebroid structure. Extending the 
Lie bracket on the space of holomorphic sections of A ^ X to the space of all smooth sections so as 
to preserve the Leibniz rule, we get a real Lie algebroid structure Aji on the bundle A X. It turns 
out that, up to a scalar constant, Asj^ is isomorphic to Ar. The multiplication by in the fibers of 
A defines a real vector bundle map j : An — > Ar over the identity map satisfying = — id. 

We prove that the Nijenhuis torsion of j : Ar — s- Ar vanishes and that, up to a scalar constant, is 
isomorphic to {Ar)], the deformation of the Lie algebroid Ar_ by j. Extending j by C-linearity, we get 
a bundle map j : Ac — > with j"^ = — id. Since the Nijenhuis torsion of j vanishes, its eigenbundles 
^4"'^''^ and A^'^ with eigenvalues i and —i arc complex Lie algebroids. 
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There is yet another connection between Poisson manifolds and Lie algebroids. Given a Poisson 
manifold {X,tt), it is well known that T*X carries a natural Lie algebroid structure. This holds for 
holomorphic Poisson structures as well. Namely, if {X, tt) is a holomorphic Poisson manifold, then 
T*X is naturally a holomorphic Lie algebroid, denoted (r*X)^. On the other hand, as highlighted 
earlier, each holomorphic Poisson structure corresponds to a generalized complex structure J, whose 
(— i)-eigenbundle L is a Dirac structure and thus a complex Lie algebroid [44l [6], 

Problem 4. What is the precise relation between the holomorphic Lie algebroid (T*X)Tr 
and the complex Lie algebroid L7 

A key ingredient to answer this problem is the notion of matched pairs studied by Lu, Mackenzie, 
and Mokri [EIISIISS]- We show that {T°-^X, {T^^°X)l) is a matched pair (here {T^^°X)l = A^^° 
for A = {T*X)^) and T^'^X co {T'^-^°X)l (see Theorem gj] for the definition of txi) is isomorphic to 
L. Furthermore, we prove that the holomorphic Poisson cohomology of tt, which is defined to be the 
holomorphic Lie algebroid cohomology of {T*X).^, is isomorphic to the cohomology of the elliptic Lie 
algebroid T°^^X cxi (T^'^X);. This leads to our next problem: 

Problem 5. Given an arbitrary holomorphic Lie algebroid A, find a complex Lie algebroid 
L whose cohomology groups are isomorphic to those of A. 

The cohomology of a holomorphic Lie algebroid A is the cohomology of the complex of sheaves (f^^, (Ia) 
as introduced by Evens-Lu-Weinstein [15 (see Definition I4.10p . while the cohomology of a complex 
(smooth) Lie algebroid L is the cohomology of the cochain complex (r(A*L*), d^). So, in a certain 
sense, solving the problem above amounts to finding a Dolbeault type of resolution for arbitrary 
holomorphic Lie algebroids. 

The solution is L = T°^^X [xa A^-^ . Indeed we show that A is holomorphic if, and only if, (T^'^X, A^-^) 
is a matched pair (see Theorem 14. 8|) : one may thus form the complex Lie algebroid T^'^X cxi 
which is in fact an elliptic Lie algebroid in the sense of Block [1] . The Lie algebroid cohomology of the 
latter can be expressed as the total cohomology of a double complex. 

The following notations are widely used in the sequel. For a manifold M, we use qM to denote the 
projection TM M . And given a complex manifold X, T^X is shorthand for the complexified 
tangent bundle TX ® C while T^-^X (resp. T^'^AT) stands for the (resp. —i-) eigenbundlc of the 
almost complex structure. By X^'^{X) we denote the space of sections of a'^T^'^A: ® a'T^'^X -> X, 
and by ^l'^•'■{X) the space of differential forms of type {k,l). For a Lie algebroid A, the Nijenhuis 
torsion [27l [26] of a bundle map (p : A ^ A over the identity is denoted A/^, which is a section in 
TiA^A* (g) A) defined by 

M^{V, W) = [cbV, W] - HW, W] + [V, ct>W] - cj)[V, W]), WV, W £ r{A). (1) 

When A is the Lie algebroid TX and cj) : TX TX is a (1, l)-tensor, the Nijenhuis torsion A/^ is a 
(2, l)-tensor on X. 

Note that the modular classes of holomorphic Lie algebroids were studied by Evens-Lu-Weinstein [15] 
and Huebschmann |21j while the modular classes of holomorphic Poisson manifolds were studied by 
Brylinski-Zuckerman In a separate paper, we will investigate the relation between these modular 
classes and their counterparts in real Poisson geometry, and in particular with the modular classes of 
Poisson Nijenhuis manifolds recently studied by Damianou-Fernandes ^9J and Kosmann-Schwarzbach- 
Magri [28] . 

Acknowledgments We would like to thank Centre Emile Borel and Peking University for their 
hospitality while work on this project was being done. We also wish to thank Sam Evens and Alan 
Weinstein for useful discussions and comments. 
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2 Holomorphic Poisson manifolds 



2.1 Definition 

Definition 2.1. A holomorphic Poisson manifold is a complex manifold X whose sheaf of holomorphic 
functions Ox is a sheaf of Poisson algebras. 

By a sheaf of Poisson algebras over X, we mean that, for each open subset U C X, the ring Ox{U) is 
endowed with a Poisson bracket such that all restriction maps Ox{U) Ox{V) (for arbitrary open 
subsets V G U G X) are morphisms of Poisson algebras. Moreover, given an open subset U <Z X, 
an open covering {C/i}-gj of U and a pair of functions /, 5 € Ox{U), then the local data {f\ui^9\ui} 
{i e /) glue up to {f\u^9\u} if they coincide on the overlaps Ui n Uj. 

Lemma 2.2. On a given complex manifold X, holomorphic Poisson structures are in one-to-one 
correspondence with holomorphic bivector fields vr (i.e. ir G T{A'^T^''^X) such that Bit — 0), satisfying 
the equation [tt, tt] = 0. 

Proof. This is a standard result. For completeness, let us sketch a proof here. Choose any complex 
coordinate chart {U,cf)), which identifies U C X with an open ball of C". As in the smooth case, 
that Ox{U) is a Poisson algebra is equivalent to the existence of a holomorphic bivector field ■ku on 
U satisfying the relation [ttu^itu] = 0. Moreover the compatibility condition on the restriction maps 
implies that there indeed exists a holomorphic bivector field vr on X, whose restriction to U is Tr^/ for 
all such open subset U. □ 



2.2 Associated real Poisson structures 

Since A^TcX = a'^TX ® i A^ TX, for any tt e T{A^TcX), we can write 77 = 11^ + inj, where ttr 
and TT/ e r(A^TX) are (real) bivector fields on X (seen as a real manifold by forgetting the complex 
structure). Note that sections of A'^TcX (in particular of a'^T-^^'^X) can be seen as bidifferential 
operators on C°°(M, C). The real bivector fields ttr and ttj are then the real and imaginary parts of 
these bidifferential operators. 

Both ttr and tt/ define brackets {•,•}/? and {•,•}/ on C°°(M, R) in the standard way. These extend to 
C°°{M,C) by C-linearity. The next lemma describes such an extension. 

Lemma 2.3. (a) Under the direct sum decomposition 

A^TcX = A^T^^°X ® {T^-"X A T°-^X) ® A^T°-^X, 

we have 

7ri?-f+0+f and ^^ = ^ + 0+^. 
(b) yf^g G Ox{U), we have the following relations: 



{/,.9}i?= {f,9}R = k{f^9}, {/,5}fl = 0, 

{/,5}/ = -5{/,5}, {f,9}i = h{f^^ {/,5}/ = 0. 

(c) Both TTR and tt/ are Poisson tensors. 

Proof. [U Immediate. |b] If f,g £ Ox{U), then / and 5 are antiholomorphic. Hence df = = dg. 
Therefore 7r{d f,dg) = {f,g}, Tr{df,dg) = and 7r{d f,dg) = 0. The conclusion follows. |c]It suffices 
to prove the Jacobi identity for {•,•}/£ and {•,•}/. From (jb|, it follows that it holds for holomorphic 
functions in Ox{U). It follows from the Leibniz rule that the Jacobi identity holds for all complex 
valued smooth functions in C°° {X, C) . This concludes the proof. □ 
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As an immediate consequence, we have the following 
Corollary 2.4. For all f,g£ Ox{U), we have 

^g}R = i3fj{/, 5}, mi = I'^u. 9}, 

{5/, ^g}R = -i3fJ{/, 5}, {3/, %}/ = g}, 

{3?/, = 5}, %}/ - <?}. 

where 3?/ anrf 5/ stand for the real and imaginary part of the function f , respectively. 

Thus, in Q, local chart (zi — x\ -\- iyi^ ' ' ' i — Xn -\- iyn) of complex coordinates of X , we have 

{yt,y3}R {vi^Vj}! = 

2.3 Poisson Nijenhuis structures 

Lemma 2.5. Lei tt = ttt?, + iirj e r{A'^TcX) with TTR,Tri e r{A'^TX). Then n e r{A'^T^^"X) iff 
ttJj = vrj o J*, where J ; TX TX is the almost complex structure on X . 

Proof. We have 

TT e v{h^T^^^x) 

^ 7r(a,/3) = 0, Va e rj"'^(X), /3 e 

^ 7r(a,/3) = 0, a iif^(a'), Va', /3 G 
^ 7r«o(iii^)=0 
ztt' = tt" o J* 

27r5^ o J* = {J + Tf") o J* = i{J ~ Tf^) = -27r* 
^ 7r|, = ttJ o J* □ 

Recall that a Poisson Nijenhuis structure [271I26] on a manifold X consists of a pair (tt, N), where tt is 
a Poisson tensor on X and : TX TX is a Nijenhuis tensor such that the following compatibility 
conditions are satisfied: 

= [N*a,p]^ + [a,N*P]^-N*[a,P]^ 

where ttat is the bivector field on X defined by the relation tt\^ — tt^ o N* and for any bivector field tt 
on M, 

:=/:^,„(/3)-/:^,^(a)-d(7r(a,/3)), V«, /5 e ^(^(M). (2) 

Proposition 2.6. Let X be a complex manifold with associated almost complex structure J. Then 
TT = TTfl + iiTi, where ttr, ttj G T{A^TX), is a holomorphic Poisson structure on X iff the pair (tt/, J) 
is a Poisson Nijenhuis structure and ttJ^ — tt^ o J* . 

Proof. First observe that, for all / G C°^{X, C) and a, /3 G Vl^{X), one has 

[aJP].n. = (^Sja)(/)/3 + /[«,/3]^„ 



and 

[raj 13]^, + [«, J*//3]^. - ./*[«, //3]., 

Therefore, since by Lemma \2l5\ we have 7r|j, = ttJ o J*, it suffices to check the compatibihty condition 
((2?3ll for a = d/ or dj and P ^ dg or dg with / and g £ Ox{U)- 



An easy but cumbersome computation, making use of the relations of Lemma 12.31 and the well-known 
equivalences 

feOxiU) ^ J*df = idf ^ rdj^-idj, 

shows that the Poisson Nijenhuis compatibility of ttj and J is equivalent to the closure of Ox{U) under 
the Poisson bracket of functions associated to tt. 

For example, V/, .g G Ox{U): 

[J*df, dg]^j + [df, J*dg]„j - J*[df, dg]„j - [df, dg].^^ 
= [i df, dg]„j + [df, i dg]^, - J*d{f, g}i - d{f, gjn 
=2id{f, g}i - rd{f, g}i - d{f, gjn 
=d{f,g} + ^J*d{f,g}~^d{f,g} 

= UJ*d{f,g}-td{f,g}). □ 

Theorem 2.7. Given a complex manifold X with associated almost complex structure J, the following 
are equivalent: 

(a) TT = TTji + ini G T{a'^T^''^X) is a holomorphic Poisson bivector field; 
(h) {ttj, J) is a Poisson Nijenhuis structure on X and tt^ = ttJ o J*; 
(c) the endomorphism 

J ^\ 

-.r 

ofTM® T*M is a generalized complex structure and = ttJ o J*. 

Proof. Ill jbl This is Proposition l2.6l ([b| ^^=^ (jcj) The equivalence follows from [411 Theorem 7.6] 
(see also [8j). □ 

Remark 2.8. It is well known that a holomorphic Poisson structure gives rise to a generalized complex 
structure. The holomorphic Poisson tensor is a strong Hamiltonian operator in the sense of Liu- 
Weinstein-Xu [29f . which deforms the Dirac structure on TcX (BT^X associated to the usual complex 
structure seen as a generalized complex structure [TJ [T3 124| . 

Remark 2.9. The equivalence of (a) and (b) in Theorem \2. 71 was also known to Lu fS^. 



2.4 Holomorphic symplectic manifolds 

Let {X,u!) be a holomorphic symplectic manifold, where uj G il'^-'^{X) is the holomorphic symplectic 2- 
form whose corresponding holomorphic Poisson bivector field is denoted by tt = TTji+inj G T{/\'^T^-'^X). 
Let ijjji,uji G ri^(X) be the real and imaginary parts of uj, i.e. uj = tun + iuji. By the holomorphic 
Darboux theorem both ujn and uji are symplectic 2-forms. 
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Proposition 2.10. The Poisson bivector fields corresponding to ujr and w/ are '^-kr and — 47r/, re- 
spectively. 



Proof. The holomorphic Darboux theorem asserts that, in a neighborhood of each point, there exist 
complex symplectic coordinates {zi, . . . , Zn, z[, . . . , z'^) so that lo can be written as 



u) = dzk A dz',.. 



k=l 



In terms of real coordinates, defined by 



Zk=Xk + iyk, Zk = x^+ iy^ 



for = 1, . . . , n, we have 



^{dxk A dx'k - dyk A dy'^) 



fe=i 



u)i = ^{dxk A dy'k + dyk A dx^) 



k=l 



(3) 



By iOj^^ and ijj^,we denote the Poisson bivector fields corresponding to lju and w/, respectively. Thus 
we have 

7r--V — A — 



Up = 



iVr = - 



( ^ A ^ A ) 

fr[ dxk dx'k dyk dy'J 

"S^ ( A ^ ^ A ^ ) 

fr[ dxk dy'^ dyk dx'J 



On the other hand, using the relations 



see that the real and imaginary parts of tt are given by 



Zg^), it is simple to 



1 , d d d d 

''''^ ~lf^}d^k^ d7^~ Wk^ Wj 

1 , d d d 9 s 



The conclusion thus follows immediately. 



□ 



2.5 Symplectic foliation 

Proposition 2.11. Let {X,n) be a holomorphic Poisson manifold, andirn andirj the real and imag- 
inary parts of IT. Then the symplectic foliations ofwR and ttj coincide, and their leaves are exactly the 
holomorphic symplectic leaves ofn. 

Proof. The relation 7r|j, = ttJ o J* implies that ttr and ttj have the same symplectic leaves, for the 
distributions Jj^{T*X) and 7rJ(T*X) coincide. 

The relation tt = ttr + iiri = ttr + iJitr implies that, for all a e (T^'^X)*, 

n^{a) = (id+iJ)7r*j(a). 
8 



Since a = '3i{a) + iJ*'3i{a), we obtain: 



Taking the real part, we obtain 



n{J{a)) = 27r*,(3?(a)). 



In particular, the map T^'^X — > TX sending an element to its real part is an isomorphism from 
the distribution Tr^{{T^'^X)*) to the distribution 7r5j(r*X), so that the leaves associated to these 
distributions coincide. □ 



3 Holomorphic Lie algebroids 
3.1 Definition 

Holomorphic Lie algebroids were studied for various purposes in the literature. See [3l [151 HD El l44] 
and references cited there for details. Let us recall its definition below. 

The tangent bundle TX — > X of a complex manifold X is naturally a holomorphic vector bundle. We 
will denote its sheaf of holomorphic sections, i.e. the sheaf of holomorphic vector fields, by Qx- 

Given a holomorphic vector bundle A ^ X, the sheaf of holomorphic sections ^ of A ^ X is the 
contravariant functor which associates to an open subset U oi X the space A{U) of holomorphic 
sections oi A X over U. Similarly, the sheaf of smooth sections Aoo is the contravariant functor 
U r{Aij). Clearly, ^ is a sheaf of Ox-modules while Aoo is a sheaf of C°°(X)-modules. Moreover 
A is a. subsheaf of Aoo ■ 

Definition 3.1. A holomorphic Lie algebroid is a holomorphic vector bundle A X , equipped with 
a holomorphic bundle map A TX , called the anchor map, and a structure of sheaf of complex Lie 
algebras on A, such that 

(a) the anchor map p induces a homomorphism of sheaves of complex Lie algebras from A to Qx; 

(b) and the Leibniz identity 

[VJW] = {p{V)f)W + f[V,W] 
holds for all V,W e A{U), f G Ox{U) and all open subsets U of X . 

Remark 3.2. JVote that in the definition above, the last axiom imphes that the anchor map p is 
automatically a holomorphic bundle map once we assume that it is a complex bundle map. 



3.2 Underlying real Lie algebroid 

By forgetting the complex structure, a holomorphic vector bundle A X becomes a real (smooth) 
vector bundle, and a holomorphic vector bundle map p : A — s- TX becomes a real (smooth) vector 
bundle map. 

Let A — > X be a holomorphic vector bundle whose underlying real vector bundle is endowed with a 
Lie algebroid structure {A, p, [•, •]) such that, for any open subset U C X, 

(a) [A{U),A{U)](iA{U) 

(b) and the restriction of the Lie bracket [•, •] to A{U) is C-linear. 
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Then the restriction of [•, •] and p from V{A) to A makes A a holomorphic Lie algebroid. 

The following proposition states that any holomorphic Lie algebroid can be obtained out of such a real 
Lie algebroid, in a unique way. 

Proposition 3.3. Given a structure of holomorphic Lie algebroid on the holomorphic vector bundle 
A X with anchor map A TX , there exists a unique structure of real smooth Lie algebroid on 
the vector bundle A X with respect to the same anchor map p such that the inclusion of sheaves 
A C Aoo is a morphism of sheaves of real Lie algebras. 

Proof, (i) Unicity. We first prove the unicity. Assume there exist two such Lie algebroid structures 
on the vector bundle A ^ X. The two anchor maps would be equal. And for each open subset U of 
X, the two brackets would coincide on the subspace A{U) of T{Aij). Thus the two brackets would 
also coincide on the C°°(C/, IR)-span of A{U) inside r{Aij). But for all trivializing open subsets U of 
X, A{U) generates r{Aij). Hence the two Lie algebroid structures must coincide. 

(ii) Existence. We first prove the existence of such a structure of real Lie algebroid. Denote by 
j : A A the bundle map defining the fiberwise complex structure on A. 

Recall that, given a Lie algebra (j and a commutative algebra F over a field k together with a Lie 
algebra homomorphism p : f) — s- Der(_F'), the tensor product _F t) is endowed with a natural Lie 
algebra structure over the field k given by 

[f(E)a,g(g)b]=fg(g) [a, b] + fp{a)g (g) b - gp{b)f (g) a, (4) 

for ail a,b G t), f, g € F. Choose an open subset U oi X. Applying the previous general fact to the Lie 
algebra A{U), the commutative algebra C°°(J7, C) and the anchor map p : A{U) Der(C°°(C/, C)), 
one obtains a Lie algebra structure on C°°{U, C) (8)r A{U). Note that this is a real Lie algebra, since 
A{U) -> Der(C°°(C/,C)) is R-linear but not C-linear. 

Now, for any holomorphic function h G Ox{U), it follows from Eq. ([4]) and the Leibniz identity for 
the holomorphic Lie algebroid A ^ X that 

[f (g) a, gh (g) b - g (g) hb] = fghg) [a,b] + fgp{a)hg)b + f{p{a)g)hg)b 

- fgg)h[a,b]- fgg) {p{a)h)b - f{p{a)g) (g hb. 

In other words, the elements of type fhg)a — fg) ha, with / e C°°{U,C), a £ A{U) and h € 
Ox{U), generate an ideal of the Lie algebra C°°{U,C) g)R A{U). As a consequence, the Lie bracket 
given by Eq. Q induces a Lie algebra structure (over K) on the quotient C°°{U,C) g)ox{U) -^{U) of 
C°°{U,C) (gMA{U) by the aforementioned ideal. 

There is a natural map C°°{U, C) g)Ox(,u) A{U) ^ ^{Au) mapping f g)ato 3fi(/) a + j{a), for all 
/ G C°°{U, C) and a e A{U). This is actually an isomorphism if the open subset U oi X is trivializing 
the holomorphic bundle A\ij U. Indeed, any smooth section oi A ^ X over U can be written 
as a linear combination J2T=i fkO'k, where Ok G A{U) and fk is a smooth C- valued function on U. 
Therefore, r{Aij) is a Lie algebra. By construction, the previous Lie bracket restricts to a C-linear 
bracket on A{U) and is a Lie-Rinehart algebra over C°°{U). Hence, A\u is a smooth Lie algebroid. 
By the unicity in (i), one obtains a smooth Lie algebroid ^ ^ A" by gluing A\ir together using an open 
covering {Ui} oi X. □ 

In the sequel, we will use An to denote the underlying real Lie algebroid of a holomorphic Lie algebroid 
A. When referring to holomorphic Lie algebroids, we either use Definition 13.11 or the equivalent one 
as in Proposition 13. 31 In particular, by saying that a real Lie algebroid is a holomorphic Lie algebroid, 
we mean that it is a holomorphic vector bundle and its Lie bracket on smooth sections restricts to a 
C-linear bracket on A{U), for all open subset U C X. 
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3.3 Underlying imaginary Lie algebroid 

Assume that {A — > X,p, [■, •]) is a holomorphic Lie algebroid. Consider the bundle map j : A ^ A 
defining the fiberwise complex structure on A. We compute the Nijenhuis torsion of j by considering 
^ as a real Lie algebroid Aj^ . 

Proposition 3.4. Let (A X,p, [•,•]) be a holomorphic Lie algebroid and j : An — > An its associated 
endomorphism. Then the Nijenhuis torsion of j vanishes. 

Proof. Since T{j) is a section in r(A^A^ (g) Ar), it suSices to prove that T{j){V, W) = for any holo- 
morphic sections V,W G A{U), where L'^ C X is any open subset. This however follows immediately 
fi'om the C-linearity of [•, •] on A{U): 

[V, jw] = J [V, w] = [jv, w] , yv,we AiU) . (5) 

□ 

Since the Nijenhuis torsion of j : An An vanishes, one can define a new (real) Lie algebroid structure 
on A, denoted by {A X, pj, [•, where the anchor pj is po j and the bracket on r{A) is given by 

m 

[V, w], = [jv, w] + [v,jw] ~ j[v, w], VI/, w e r{A). 

In the sequel, {A —>■ X,pj, [•, -jj) will be called the underlying imaginary Lie algebroid and denoted by 
Ai. It is known that 

j-Ai^ An (6) 

is a Lie algebroid isomorphism [26| . 

3.4 Associated complex Lie algebroids 

Let (A — > X, [•, •], p) be a holomorphic Lie algebroid. Complexifying its underlying real Lie algebroid 
(which was described in Proposition [3l3]) by extending the anchor map and the Lie bracket C- linearly, 
we obtain a complex Lie algebroid: 




X 



where — A(E) C Extending C-linearly the bundle map j : ^ ^ ^, we obtain a map of complex 
vector bundles j : Ac Ac such that = — id. Let X and A*^'^ X he its eigenbundles 

with eigenvalues i and —i respectively. It follows from Proposition 13.41 that r{A-^''^) and r(A°'^) are 
Lie subalgebras of r{Ac). Hence A^'" and A"'^ are complex Lie subalgebroids of Ac. Note that the 
map 

A-^ A^'^ -.a^ ^{a-ij{a)) (7) 

is an isomorphism of complex vector bundles. Hence by pulling back all the structures, one obtains a 
complex Lie algebroid structure on the same complex vector bundle A X . Similarly, a — > ■^{a+ij{a)) 
is an isomorphism of complex vector bundles A A^'^. Hence A —> X admits another complex Lie 
algebroid structure. The following proposition describes these complex Lie algebroids explicitly. Its 
proof is a simple computation and is left to the reader. 
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Proposition 3.5. Given a holomorphic Lie algebroid {A X, [•,•], p), let {A — > X, [•, -Ji^q, pi^o) 
and {A X, [•, -Jo,!, po,i) be its associated complex Lie algehroids corresponding to A^-'^ and 
respectively. Then 

Pi.(,^\{p + iPj), h-]i,o = (8) 

Po,i = iPj), [-.^Q.i^ \{[. ■]-][■;■] j)- (9) 

3.5 Cotangent bundle Lie algebroids of holomorphic Poisson manifolds 

In this section, as an example we consider the cotangent bundle Lie algebroid of a holomorphic Poisson 
manifold and identify various Lie algebroids associated to it, which will be used later on. 

Assume that (X, vr) is a holomorphic Poisson manifold, where vr = tt/j + ztt/ G T{f\^T^''^X). Let 
A — (T*X)t^ be its corresponding holomorphic Lie algebroid, which can be defined in a similar way as 
in the smooth case. To be more precise, let $ and respectively, be the holomorphic bundle maps 

$ : ^ T^'"X, $ = i(l - iJ) 

and 

^' : T*X {T^-^X)*,^' = 1 - iJ*, 

where J is the almost complex structure on X. Define the anchor p : (r*X)^ — > TX to be p = 
o TT'^ o V]/ and the bracket 

[a, = LpaP - Lppa - d{pa, (3) 

\/a,f3 e T{T*X\u) holomorphic. 

Its associated complex Lie algebroid A^''^ will be denoted (T-'^-^X)* since its underlying complex vector 
bundle is (T-^^'^X)*. The following lemma is obvious. 

Lemma 3.6. For the associated complex Lie algebroid {T^'^X)'^, the anchor map is 

{T^-"X)* ^ TcX 

and the bracket on fl^''^{X) is given by 

[£, ,V I ^ ^iv»efiV ' - L^^i.ot, ' - ott{E, ,ri ' )i ' ,77 ■ e i2 ■ (A). 

The following proposition describes the underlying real and imaginary Lie algebroids of (r*X)^. 

Proposition 3.7. Let (X, tt) be a holomorphic Poisson manifold, where tt = tta +iTrj G T{a'^T^''^X). 
Then the underlying real and imaginary Lie algebroids of (T*X)t^ are isomorphic to (T*X)4^^ and 
{T*X)4t^j, respectively. 

Proof. First, let us consider the anchor map p : {T*X)t^ TX as a bundle map of real vector bundles. 
Clearly we have 

p = $-1 o 7r# o * = o 7r| o (1 - iJ*) o (1 - iJ*) = Aw*. 

Now we consider the bracket. For this purpose, let A^ be its underlying real Lie algebroid and Ac the 
complexification of Ar. Note that for any holomorphic functions f,gG Ox{U), we have 

[df,dg]^ = d{f,g}, 

where both sides are considered as sections of Ac. It thus follows, from Corollarv l2.4i that 

^df,dg]^ = d3t{f,g} = 4dm,dig}R = 4[d5R(/), d3?(g)].^. 
Therefore, Ar is isomorphic to (r*X)4^^. 

Finally note that the Nijenhuis structure j : Ar Ar in Section [?751 is simply J*. It thus follows that 
{AR)j is isomorphic to {T*X)4t^j using Theorem 12.71 □ 

12 



3.6 Holomorphic Lie-Poisson structures 

Similar to the; smooth case, there is also another equivalent definition of holomorphic Lie algebroids. 
The proof is similar to the smooth case, and is left to the reader. Note that the complex dual 
Homc(^, C) of a holomorphic vector bundle A X in again a complex manifold, which is also a 
holomorphic vector bundle over X. We denote by p : Homc(A,C) X the projection onto the base 
manifold. There is a one-one correspondence between holomorphic sections V € A{U) and fiberwise- 
linear holomorphic functions ly on Homc(A|c/, C): Va G Homc(vl|(7, C) 

Zy(a)=a(y|^(„)). 

Proposition 3.8. Let A ^ X be a holomorphic vector bundle. The following are equivalent: 

(a) A is a, holom,orphic Lie algebroid; 

(b) there exists a fiberwise-linear holomorphic Poisson structure on Home (A, C). 

Here the Lie algebroid structure on {A,p, [•,•]) and the Poisson structure on Homc(^, C) are related 
by the following equations: 

{p*fM = p*{piv){f)) 

{IvJw} = l[V,W] 

for any V,W G A{U) and f G Ox{U), where p : Homc(A, C) ^ X is the projection. 
Summarizing the discussions above, we get the main result of this section. 

Theorem 3.9. Let A ^ X be holomorphic vector bundle. There is a one-to-one correspondence 
between: 

(a) holomorphic Lie algebroid structures on A^ X, 

(b) fiberwise-linear holomorphic Poisson structures on Home (A, C), 



3.7 Real and imaginary parts of a holomorphic Lie-Poisson structure 

Any complex vector space V can be equivalently thought of as a real vector space with an M-linear 
endomorphism j, such that p = —1, representing the multiplication by the imaginary number 

Given a complex vector space V, its complex dual space is the set of morphisms Homc(V, C) from V 
to C in the category of complex vector spaces. Similarly, its real dual space is the set of morphisms 
HomR(y, R) from V to M in the category of real vector spaces. Clearly, Homc(V, C) is a vector space 
over C while HomR(V, M) is a vector space over M. 

The map 

HomM(V,M) ^ Homc(V,C) : / ^ (1 - ij*)f 

is an isomorphism of real vector spaces. Indeed, g G Homc(V, C) if and only if = (1 — ij*)f with 
/(=SRo5)eHomM(F,R). 

Given a complex vector bundle A^ X ,wc denote its complex and real dual bundles by Home (A, C) 
X and HomR(yl, M) X, respectively. Applying the previous isomorphism fiberwise yields the iso- 
morphism of real vector bundles = l — ij*: 



HomM(A, 



■Homc(i;,C) 



(10) 



PK 



id 



■X. 
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Here pc and pk denote the projections of the vector bundles Home (A, C), HoniR(^, M) onto their base 
X. Note that ^'"HO = SRo ^. 



We consider a holomorphic Lie algebroid {A — > X, p, [•, •]). According to Proposition 13.81 the complex 
dual bundle Home (A, C) is a fiberwise linear holomorphic Poisson manifold, whose holomorphic Poisson 
tensor is denoted by tt. Let tt/j and ttj be its real and imaginary parts. Then ttsr := ^'^^tt/? and 
ttq :— 'i'^^TTj are fiberwise M-linear Poisson tensors on the real dual bundle HomR(^,IR). These 
Poisson structures therefore correspond to real Lie algebroids on A X, which are denoted by 
{A X, psff , [•, -Jsj}) or Asft and {A X, or Aq, respectively. The following Proposition 

identifies these Lie algebroids with those discussed in Section [331 

Proposition 3.10. Let {A X,p, [■, ■]) be a holomorphic Lie algebroid. 

(a) The Lie algebroid {A — > X, 4psR, 4[-, ■]^) is isomorphic to the real Lie algebroid An; 

(b) The Lie algebroid {A^ X, — 4pcj, — 4[-, -Jcj) is isomorphic to the imaginary Lie algebroid Ai. 

Proof. First, we fix some notations. Any section V E ^{A) can be thought of as a fiberwise C-linear 
(resp. M-linear) function on Homc(A, C) (resp. HomR(A,R)), which we denote by ly (resp. I'y). 

For all V G T{A) and / e HomE(A,R), we have 

= Ivif - ziff)) = f{V) - I fijV) - I'yif) - I I'^yU). 

Thus 



r ^{^*iv) = I'v 



(11) 



First we look at the anchor map p-sft,. Given any x e X, a e A^ and 77 e T*X, to compute {rj^p^{a)), 
we choose an open neighborhood U <Z X containing x, a holomorphic section V G A{U) through a, 
and a holomorphic function / e Ox{U) with d(3?(/))|x = rj. 

Consider the relation 

p*dp{v)f)^{py,iv} 

from Proposition 13.81 Taking the real part, we obtain, by Corollary[ 



ph{p{vmf)) = ^{pmf).mv)}R- 

Applying ^* to both sides and using Eqs. (fTO|l and (fTT|) . we have 

pl,{p{Vmf)) = ^*pMVMf)) = 4**W5R(/),5R(/y)}fl 

= 4{^*p*cm),m*lv)hn = Hpim),l'vU - 4p*(psr(F)5R(/)). 

Hence it follows that 

p{VMf) = 4psR(F)5R(/) 

and 

We now identify the anchor map pc^. Taking the imaginary part of the relation 

pHpiv)f)^{py^iv} 

from Proposition 13. 8i we obtain 

pUpivMf)) =^{p*cfJv} = -HpIW)MIv)}i 
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by Corollary 12.41 Applying ^P* to both sides and making use of (fTO|) and (fTTj) . we get: 

= -4{vl/*p*3(/), = 4{p^5(/), 

It follows that 

p(V^)3(/)=4pa(jy)3(/), 

which implies that 4pcj = — pj. 

We now consider the Lie brackets. Choose an open neighborhood U C X such that the holomorphic 
vector bundle A\ij U is trivial. Since the module of smooth sections of A\u is generated (over 
C°°{U, M)) by the holomorphic sections, it sufhccs to show that the bracket 4[y, W]^ (resp. — 4[y, W]q) 
is equal to [V, W] (resp. [V, W]j), for any two holomorphic sections V,W E A{U). 

According to Proposition 13. 8[ we have 

{Iv, Iw} = hv.w] Vy, W € A{U). (12) 

By Corollary [231 we obtain 

Therefore, applying 'i'* to both sides, we get 

^{yS*llv,w]) = 4-^*miv),mw)}R = 4{5R(^'*Zv),3?(^'*ZH^)}sf 
and, using ([TTjl . we obtain 

Hence it follows that 4[V, = [V, W]. 

We now turn our attention to the Lie bracket [•, -Jq. Taking the imaginary part of Eq. p2|) and applying 
5'* to both sides, it follows from CoroUarv 12.41 that 

-4{3(^*Zv),3(**W)}cj = ^{^*l[y^w]). 

Hence, using Eq. pT|) . we obtain 
Therefore, 

^[jVJWh ^ j[V,W] 

and 

This completes the proof. □ 

Remark 3.11. In particular, given a Lie algebra g over C, its complex dual Homc(0, C) is a holomor- 
phic Poisson manifold. The isomorphism HomR(g,M) Homc(0,C) maps the Lie-Poisson structure 
on Homffi(0,]R) corresponding to the Lie algebra bracket v w i-^ (resp. v ^ w i-^ —jj[v,w]) 

on g to the real (resp. imaginary) part of the holomorphic Poisson structure on Homc(0, C). Here 
j ■ S ^ is ttiG M.-linear operator representing the scalar multiplication by G C. 

This is an immediate consequence of the relations 

{I'vJ'wU = {i'vJw}'^ = ^'-l[v,w], 

and the following fact: since here, the holomorphic vector bundle A X is reduced to the vector 
space Q, all elements V,W of q are automatically holomorphic sections and, we have 

[V, W]j = [jV, W] + [V, jW] ~ j[V, W] - j[V, W] 

since the restriction of the Lie bracket to the holomorphic sections is C-linear. 
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4 Holomorphic Lie algebroid cohomology and holomorphic Pois- 
son cohomology 



4.1 Matched pairs 

The notion of matched pairs of Lie algebroids was introduced by Lu in her classification of Poisson 
group actions [3T], and further studied by Mokri 36J and Mackenzie [32 . 

Definition 4.1. A matched pair of Lie algebroids is a pair of (complex or real) Lie algebroids A and B 
over the same base manifold M , where B is an A-module and A is a B-module such that the following 
identities hold: 

[a{X)XY)]^-a{VYX)+h{VxY), (13) 
Vjf [Fi, F2] = [Vj^n, + [Yi,VxY2] + Vv^.x^i - Vv^,xl'2, (14) 
Vy[Xi,X2] = [VyXuX^] + [Xi,VyX2] + Vv^.y^i - VvxiF^2, (15) 

where Xi,X2,X G ^(A) and Yi,Y2,Y G ^{B). Here, a and b are the anchor maps of A and B, 
respectively, and V denotes both the representation 

T{A) ® T{B) ^ V{B) : {X, Y) ^ VxY 

of A on B and the representation 

r{B) (g) T{A) T{A) : (Y, X) ^ VyX 

of B on A. 

Tiieorem 4.2 ([361 I32j). Given a matched pair {A,B) of Lie algebroids, there is a Lie algebroid 
structure A txi B on the direct sum vector bundle A(B B, with anchor c{X (BY) = a{X) + b(Y) and 
bracket 

[Xi ®Yi,X2® Y2] = {[Xi,X2] + Vy,X2 - Vy.Xi) e ([n, ys] + Vx,Y2 ~ Vx.yi). (16) 

Conversely, if A® B has a Lie algebroid structure for which ^ ® and Q ® B are Lie subalgebroids, 
then the representations V defined by 

[X e 0, e r] = -VyX © Vj^ y 

endow the pair {A, B) with a matched pair structure. 
See [32] for more details. 

Example 4.3. Let X be a complex manifold. Then (T^^^X, T^'°X) is a matched pair, where the 
actions are given by 

Vxo.iX^^° = pri'°[X°^\Xi-0] and VxloXO^i = pr°-i [X^^o, 

forallX°''^ G X°-^{X) andX^-^ G X^'°{X). HcnccT^'^X on T^-^X andTcX are isomorphic as complex 
Lie algebroids. 

More generally, given a holomorphic Lie algebroid A, the pair (A°'^, A^'*') is a matched pair of Lie 
algebroids and A^'^ ixi A^-^ is isomorphic, as a complex Lie algebroid, to Ac. 
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Let A and B be two (complex or real) Lie algebroids over the same base manifold M. Assume B is 
an ^-module and A is a -B-module, both representations being abusively denoted by the same symbol 
V. And define 

F{X; Y) := [a{X), b{Y)] + a(VyX) - b{VxY) , 
S{X; Fi, F2) := [VxYi, Y2] + [Fi, Vxl2] - Vx[n, I2] + Vw.xli - Vvr,xY2, 
T{Y;X,,Y2) := [Vr^i, X2] + [Xi, Vr^s] - Vr[Xi, ^2] + Vv^.r^i - Vvx^r^s, 

where a and b are the respective anchor maps of A and B, while Xi,X2,X e T{A) and Yi,Y2,Y G r(B). 
The following result can be verified directly. 

Lemma 4.4. For any (complex or real-valued) function f on M, we have: 

F{fX;Y)^fF{X;Y) F{X;fY) ^ fF{X;Y) 

S{fX;Y,,Y2) = fSiX;Y,,Y2) T{fY;X,,X2) = fT{Y;X,,X2) 

and 

SiX; fYi, Y2) = fS{X- Yi,Y2) + F{X; Y2)if)Yi 
T{Y;fX,,X2)= fT{Y- X,, X2) - F{X2; Y) {f)X, . 

Moreover, S and T are skew- symmetric in their last two arguments. 



4.2 Cohomology of a matched pair 



Proposition 4.5. Let A and B he a pair of Lie algebroids over M with mutual actions V. The pair 
{A, B) is a matched pair iff the diagram 



Ob 



(17) 



T{h^A* ® h'-+^B*) 



r(A'=+i^* (g) a'+i^*) 



commutes, where Oa and 83 denote the Lie algebroid cohom.ology differential operators of A with values 
in the module A'B* and of B with values in the module A*^*, respectively. 

Here, if a e r(A'^^* ig) a'B*), Oa and 83 are given by 
{dAa){Ao,...,Ak,Bu...,Bi) 

k 

= {aiA,)a{Ao, . . . ,A,, . . . ,Ak,B,, . . . ,Bi) 



i=0 



^a{Ao, . . . ,Ai, ■ ■ ■ ,Ak, Bi, . . . ,\/a^Bj, . . . , Bi)^ 



(18) 



J2i-'^y^'o^i[Ai,Aj],Ao,...,Ai,...,Aj,...,Ak,B^,...,Bi) 



i<3 
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and 



{dBa){Ai,...,Ak,Bo,...,Bi) 



i=0 



J^f^i^i, ■■■ y B^Aj Ak, Bo, ... ,Bi, Bi) 



(19) 



...,Ak, [B,, B,],Bo,...,Bi,...,Bj,..., Bi). 



Proof. => If the pair [A, B) is a matched pair, then the direct sum ® B is a Lie algebroid with 
bracket given by And the corresponding Lie algebroid differential 

T{^' {A® B)*) T{^'+\A® B)*), 

defined by 

n 

{dA^Ba){Co, . . . , C„) = ^(-l)^c(C,)(a(Co, ...,Ci,..., CO) 

+ C,], Co, . . . , a, . . . , Q, . . . , 



1=0 



i<j 

satisfies d\^g = 0. Now, remember that 

A"(yl©B)*= a'^A* (E) A^B*. 

k+l—n 

It is easy to see that 

dA^B{^{^''A* (g) a'B*)) C r(A'=+2v4* (g) A^-^B*) ® r(A'=+M* (g) a'B*) 

® r(A'^A* ® a'+^b*) r(A'=-M* a'+^b*). 

Moreover, since A and i? are Lie subalgebroids of Atxi B, the stronger relation 

dAixisTiA'^A* ® a'B*) C T{a''+^A* (g A^B*) r(A''A* g, a'+^B*) 

holds. Composing dAtxiB with the natural projections on each of the direct summands, we get the 
commutative diagram below: 



t{a''A* g) a'B*) 




P(-^fc+i^* (g) a'B*) ^ — r((A'=+M* (g a'B*) e (a'^a* ® a'+^b*)) — ^ r(A'^A* g) a'+^b*), 

where Da and ds are the coboundary operators given by and (fTOjl. >From d\^g = 0, it follows 
that d\ — 0, — and Da ° Ob ~ Ob ° Oa- 

<= Conversely, given the commutative diagram (jl7p . one can define an operator 

r(A'(A ® B)*) T{A'+\A e B)*), 

18 



whose restriction to r(A'= A* (g)A'B*) is 9a + Clearly, d^iMis = and (r(A'(A® B)*), (Iac^b) 

is a differential graded algebra. Hence it follows that A (B B admits a Lie algebroid structure with 
associated differential d-AtxiB- Moreover, 

dA^B^i^'^A* (g) a's*) c r(A'=+M* ® a'b*) e r(A'^'^* » a'+^s*). 

Therefore, r(A) and r(i3) are closed under the Lie algebroid bracket on A (B B. The subbundles A 
and B are thus Lie subalgebroids oi A® B. We conclude that the pair {A, B) is a matched pair of Lie 
algebroids. □ 

Proposition 4.6. The Lie algebroid cohomology of AixiB (with trivial coefficients) is isomorphic to 
the total cohomology of the double complex (jl7p . 

Proof. This is an immediate consequence of the following fact, which was already pointed out in the 
proof of Proposition [43] the restriction of the cohomology operator 

r(A'(A ® B)*) r{A'+\A ® B)*) 

to the subspace r(A'=A* ® a'B*) of r(A'=+'(A ® B)*) is Oa + {-i fdB- □ 



4.3 Canonical complex Lie algebroid associated to a holomorphic Lie alge- 
broid 

The following result is standard, for instance, see [22l [T], 

Lemma 4.7. Let E be a complex vector bundle over a complex manifold X . Then E is a holomorphic 
vector bundle if and only if E is a T'^'^X -module — i.e. there exists a flat T'^'^ X -connection on E: 

r(T"'iX) (g) r{E) r{E) -. {X,e) ^ Vxe. 

Proof. =^ Let £ denote the sheaf of holomorphic sections oi E ^ X. For al\U C X open and a e £{U), 
set Vxcr = 0, e r{T°'^X\u). Then V extends to all smooth sections of E by 

Vx(/£) =^(/)e + /Vx£ 

since r(i?|;7) is generated by £{U) over C°^{U, C). One easily sees that V is a flat T°'^X-connection. 
<^ Let V denote the representation of T^'^X on E. And define the sheaf £ over X by 

£iU) = {ae T{E\u)\'^x<J = 0,VX e r(T°'iX|c/)} , 

for al\U C X open. If ct e £{U), then 

Vx(/a) = X{f)a + fVx<J = X{f)a, 

for aU X G T(T°'^X\u). Hence fa S £{U) if / G Ox{U). Thus f is a sheaf of Ox-modules. Since 
V is fiat, given any e G E^, there exists a neighborhood U of x and a local section a G £{U) through 
e. Hence there exists a holomorphic vector bundle structure on E with £ as sheaf of holomorphic 
sections. □ 



Now we can state the main result of this section. 
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Theorem 4.8. Let A be a holomorphic Lie algebroid over a complex manifold X. Then the pair 
{T^'^X, A^'^) is naturally a matched pair of complex Lie algehroids. Conversely, given a complex 
manifold X and a matched pair (T^'^X, B), where B is a complex Lie algebroid over X whose anchor 
takes its values in T^'^X, there exists a holomorphic Lie algebroid A such that B = A^''^ as complex 
Lie algebroids. 

Proof. Let p denote the anchor map of A. Since A is a holomorphic vector bundle, by Lemma l4.7i 
the complex vector bundle A^'" is a T^-^X-module. This gives a representation 

r{T°'^X) (g) r{A^'") ^ r(^i'°) : {X, r/) ^ WxV 

of T'^'^X on A^''^. On the other hand, the C-linear extension of the anchor map p : A TX induces a 
complex vector bundle map p : A^'" T^^^X, which is a morphism of complex Lie algebroids. Similar 
to the situation of Example 14.31 the map 

r(^i^°) ® r(r°'iX) ^ r(T"'iX) : (r,,X) ^ pv"''[pciv),X] (20) 

is automatically a representation of A^'*^ on T'^'^X. 

It remains to prove that the pair (T°'^X, A^'"), with the above two representations, satisfies the 
matched pair axioms (|13p to 

If 77 is a holomorphic section of then WxV = fo'' ^ G ^{T'^'^X\ij) (by definition of the 

T°'^X-module structure of and, since pc{v) is a holomorphic section of T^'^X over U, we have 

pT'-"[X,pciv)]=0, yx eT{T°-'X\u). 

Thus 

[X,pciv)]^~W°^'[pc{v),X]+pc{Vxr]), (21) 

for all f] e A^-°{U) and X e r{T°-^X). >From LcmmaOl it follows that Eq. ^ actually holds for all 
smooth sections rj of A^''^. This relation is nothing but axiom (fT3|) in the particular case {T'~''^X, A^ •'-'). 

If the sections of A^'" involved in Eq. (fT4ll are taken holomorphic, then (|14p holds because, in that 
particular case, all its terms vanish. Therefore, by Lemma [4.41 and the fact that Al;^ is generated by 
A^'^ as a sheaf of modules over the sheaf C°°{X) of smooth functions, Eq. is always satisfied. 

Finally, it follows from the definition of the A^-^-module structure on T^'^X and the Jacobi identity 
that 

V„[Xi,X2] - [V^Xi,X2] + [Xi,V^X2], Vrye^i'"({/), yX^, X^ e TiT^^^X). 
Hence (|15p follows from Lemma l44l 

<i= Let E ^ X denote the underlying complex vector bundle, [■,-]b the Lie bracket on r{E) and 
p : E T^'^X the anchor map of the Lie algebroid B. Since i? is a T°'^X-module, it follows from 
Lemma 1121 that E' is a holomorphic vector bundle — a smooth section ry e r{E\ij) being holomorphic 
iSVxV = 0, VX e T{T°'^X\u). 

Moreover, by Eq. ([H]) . if 771, 7^2 S r(£'|[/) are two holomorphic sections over an open subset U C X, 
[iliyV2] is also a holomorphic section of E over U; i.e. the sheaf £ of holomorphic sections of is a 
subsheaf of complex Lie subalgebras of the sheaf £00 of smooth sections. 

We define a new Lie algebroid structure A on the vector bundle E with the composition 

E A T^'°X ^ TX 

as anchor map and such that the Lie brackets of A and B agree on the subsheaf £ of £00 ■ 

[cr,r]^ = [cr, t]_b ycr,Te£{U). 
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Here means real part. 
Eq. (US]) implies that 

V^F = [pdv).y], Vry e S{U), VY e r(T°-iX|y). 

Thus pr^'''[pc(?7), -'^l = 0. By Example 14.31 pc{il) is thus a holomorphic section of T^'^Xj^/ if 77 is a 
holomorphic section oi E\ij . Hence p : E T^'^X and dio p : E ^ TX are holomorphic bundle maps. 

Note that 

feOxiU) ^ df{X) ^2df{^X),yX eT{T^'°X). 

Therefore, the Lie bracket on A satisfies the Leibniz rule. Indeed, for all cr, r e £{U) and / G Ox{U), 
we have 

[aJrU = [a, fT]B ^ df {p{a))T + f[a,T]B ^ df {2^ o p{a))T + f[a,T]A. 

Clearly, A is a holomorphic Lie algebroid over X with the same underlying complex vector bundle E 
and with £ as its sheaf of holomorphic sections. By construction, A^''^ and B are isomorphic complex 
Lie algebroids. □ 

Thus, given a holomorphic Lie algebroid A ^ X, we obtain two complex Lie algebroids: Ac and 
T^'^X CXI A^''^. The following proposition follows easily from the construction of T^'^X ixi 

Proposition 4.9. Assume {A X,p, [•, •]) is a holomorphic Lie algebroid. Then 

Ac ^ T^'^X txi Ai'O : a ^ (pc(pr°'^(a)), pri'°(a)) 
is a homomorphism of complex Lie algebroids. 

4.4 Lie algebroid cohomology 

We use the following definition of Lie algebroid cohomology due to Evens-Lu-Weinstein [TS] . 

Definition 4.10. Given a holomorphic Lie algebroid A X, let fl'^ be the sheaf of holomorphic 
sections of a''^* X (k ^ 1,2, . . . ) and = Ox. We have the following complex of sheaves over 
X: 

(-)• . oO "^-^ r)i '^■^ n*: '^^ o^-'+i '^^ 

1 L . \ L ^ i L ^ • • • ^ i L ^ i L ^ • • • 

where 

k 
i=0 

+ Y^(^_lY+Ja([V„V,],Vo,--- ,Vj,--- ,Vk) 

i<j 

for all a G n\(U), Vq, - ■ ■ , Vfe G A{U), and any open subset U of X . 

The holomorphic Lie algebroid cohomology of A (with trivial coefficients) is defined to be the cohomol- 
ogy of the complex of sheaves ; 

H*{A,C) := H*{X,n\). 

The following result gives us an important way of computing holomorphic Lie algebroid cohomology 
using smooth cohomology, i.e. Lie algebroid cohomology of complex Lie algebroids. In a certain sense, 
this is a generalization of Dolbeault's theorem to Lie algebroids. 
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Theorem 4.11. Let A 



X be a holomorphic Lie algebroid. Then 
H*{A, C) = H*{T°-^X M A^^", C), 



where the right hand side stands for the complex Lie algebroid cohomology of T'^'^X ix] (see 
Proposition \4-6\l, which can be interpreted as a generalization of the Dolbeault cohomology. 



Proof By 17°''' 



A^^, we denote the sheaf of sections of the complex vector bundle (T^'^X)* 



^i^i,o _^ gy ^]^g holomorphic Poincare lemma, we have the following resolution of complex of 
sheaves: 



(22) 



■ 02 



A^ 



A^ 



X 



n 



0,1 



A"^ 



A^ 



(Ia 



0- 



0.0 



(5 



The conclusion thus follows immediately from Theorem 14^ 



A. 



0,0C 



□ 

Example 4.12. As in Example \4.3\ consider a complex manifold X. Let A = TX be its holomorphic 
tangent bundle considered as a holomorphic Lie algebroid. In this particular case, H*{A,C) is the 
holomorphic de Rham cohomology, while H*(T'^'^X ixi A^''^,C) is the C-valued smooth de Rham 
cohomology since T°'^X A^'° ~ T^'^X M T^'^X = T^X as complex Lie algebroids. It is well known 
that they are isomorphic. 

Indeed the complex Lie algebroid T'^'^X cxi A^^'^ is an elliptic Lie algebroid in the sense of Block. Recall 
that a complex Lie algebroid {A — > X, [•, •], p) is said to be elliptic [1] if the map 'Sio p : A ^ TX is 
surjective. For an elliptic Lie algebroid, the Lie algebroid cohomology cochain complex is an elliptic 
complex pti. Hence the cohomology groups are finite dimensional if the base manifold is compact. This 
can be easily seen directly from our definition of holomorphic Lie algebroid cohomology in terms of a 
complex of sheaves. 

Denote by H*{Aji,C) the Lie algebroid cohomology of the underlying real Lie algebroid An with 
trivial complex coefficients. The following result is an immediate consequence of Theorem 14.111 and 
Proposition 14.91 

Proposition 4.13. Let A be a holomorphic Lie algebroid with underlying real Lie algebroid Af(. Then 
there is a natural morphism 

H*iA,C)~^H*iAn,C). 



Remark 4.14. In \4:4\ . Weinstein asked the question how to integrate a complex Lie algebroid. For the 
complex Lie algebroid T^'^X ex A^'° arising from a matched pair, our discussion above suggests that 
the holomorphic Lie groupoid integrating the holomorphic Lie algebroid A might be a candidate. It 
will be interesting to explore further if Th cor cm \4.8\ wo uld have any applications in solving Weinstein's 
integration problem. 
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4.5 Cohomology with general coefficients 



Definition 4.15. Given a holomorphic Lie algebroid A — > X , an A-module is a holomorphic vector 
bundle E ^ X together with a morphism of sheaves (of C-modules) 

such that, for any open subset U d X , the relations 

V/ys = /Vys 
Vy(/s) = (p(F)/),s + /Vys 

are satisfied V/ G OxiU), VF, W G A{U) and Vs G £{U). 

Lemma 4.16. Let A X be a holomorphic Lie algebroid and E ^ X a complex vector bundle. 
Then E ^ X is an A-module if and only if E ^ X is a module over the complex Lie algebroid 

Proof. =^ Firstly, note that, since E ^ X is a. holomorphic vector bundle with sheaf of holomorphic 
sections £, by Lemma 14.71 i? is a T'^'^X-module whose representation map 

r(r°'ix) (E) r{E) ^ r(£:) : {x, s) ^ v*^^s 

is entirely characterized by the condition 

£{U) = [ae r(i?|[/)|v^V = 0, vx e t{t°^^x\u)} , 

for all open subsets U G X. 

On the other hand, i? is a module over the holomorphic Lie algebroid [A — > X, [•, •], p) with represen- 
tation map 

(8) £ — > £ : (a, s) 1-^ VqS, 

where A and £ are the Ox-sheaves of holomorphic sections of A and E respectively. Since Aoo and 
£oo are generated by A and £ as sheaves of C^-modules, one can define a representation 

r(^i'O) (g) T{E) ^ r(^) : (a, s) ^ V^'^s 

of the complex Lie algebroid {A^-'^, [■, -J^'", on E, which is entirely determined by the requirement 
that, for all subsets U oi X, one has 

for all a G A^U) and a G £(f7). 
The equation 

defines a connection of the complex Lie algebroid T^'^X cxi A^'" (associated to the holomorphic Lie 
algebroid A as in Theorem 14. 8p on E. To check that this covariant derivative is flat, it suffices to prove 
that 

V(X,0)V(o^q)S - V(o,a)V(x,0)S = V[(x,0),(0,a)]S, 

for all X G r(r°'^X), a G r(^^'°) and s G r(i?). However, the curvature being a tensor, it actually 
suffices to check that, for any open subset U oi X , one has 

V(x,0)V(o,(i-.y»cr - V(o,(i_ij)q)V(x,o)0- = V[(x,0),(0,(l-jj)a)]Cr (23) 
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for all X G T(T°'^X\u), a £ A{U) and a e £{U). By definition of the Lie algebroid structure of 

[(X,0),(0,(l-*j»] = (-V„X,0) 
since a is holomorphic. Hence, Eq. ((23|) becomes 

which is obviously true since each term in the equation above vanishes — indeed, the second argument 
of each V"^^ is a holomorphic section of E. 

-4= Let V denote the representation of T^'^X cxi A^''^ on E. 

Since T"^^X is a Lie subalgebroid of T"'^X ex A^'", is a T^'^X-module and thus, by Lemma K7\ 
E ^ X is a holomorphic vector bundle whose sheaf of holomorphic sections £ is characterized by 

£{U) = {ae r(i;|c/)|V(x,o)<T = O, VX e T{T^''X\u)} (24) 

Moreover, the curvature of V being flat, we have 

V(x,o)V(o,(i-y»cr - V(o,(i_y)Q)V(x,o)0- = V[(x,o),(o,(i-ij»]0-, (25) 

for any open subset U oi X and all X £ r{T'^'^X\u), a e A{U) and a e £{U). Note that, since a is 
holomorphic, 

[(X, 0), (0, (1 - ij)a)] e T{T^''X\u). (26) 
Making use of Eqs. ^ and ((261), Eq. ([251) becomes 

V(x,o)(V(o,(i-ij»o-) =0, 

for any open subset U of X and aU X e r(r"'^X|!7), a G A{U) and cr G f (?/)• In other words, the 
map 

A{U) X £{U) ^ f ([/) : (a, a) V(o,(i_y)„)a 

does indeed take its values in £. Therefore this restriction of V endows the holomorphic vector bundle 
E ^ X with a structure of module over the holomorphic Lie algebroid A. □ 

Definition 4.17. Given a holomorphic Lie algebroid A X and an A-module {E X, V), we have 
the complex of sheaves over X 

^\®£: £ ^ £ ^ ■ ■ ■ ^ £ l^^+i ®£^--- 

where 

k 

{dla){Vo, - ■■ ,Vu) = Y,{-irVvMiVo, - ,Vk)) 

i=Q 
i<j 

for any open subset U of X and all a G {^'X <8) £) (U) and Vq, ■ ■ ■ , Vfe G A{U). 

The holomorphic Lie algebroid cohomology of A (with coefficients in the A-module E) is defined to be 
the cohomology of the complex of sheaves £ : 

H*{A,E) := H*{X,n'^<»£). 
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Lemma 4.18. Let A X be a holomorphic Lie algebroid and E —f X an A-module. If X is compact, 
then H^[A,E) is finite dimensional for all k. 



The following theorem can be proved in a similar fashion as in Theorem 14. Ill 
Theorem 4.19. Let A ^ X be a holomorphic Lie algebroid and E —t X an A-module. Then 

H*{A, E) = H*{T°-^X ex A^^°,E). 

Given a holomorphic Lie algebroid A X and an A-module £' ^ X, it is simple to see that E ^ X 
naturally becomes an Aj^-module. The following is a straightforward generalization of Proposition l4.13l 

Proposition 4.20. Let A be a holomorphic Lie algebroid with underlying real Lie algebroid An, and 
E ^ X an A-module. Then there is a natural homomorphism 

H*{A,E)^ H*{Ar,E). 
4.6 Application to holomorphic Poisson manifolds 

Now consider the cotangent bundle Lie algebroid {T*X)-^ associated to a holomorphic Poisson structure 
{X,Tr). Since (r*X)^ is a holomorphic Lie algebroid, according to TheoremSH {T°'^X, {T'^'°X)*^) is 
a matched pair. On the other hand, according to Theorem 12.71 to any holomorphic Poisson manifold 
corresponds a natural generalized complex structure. The following theorem indicates the relation 
between this generalized complex structure and the complex Lie algebroid T'^'^X txi (T^'^X)* . 

Theorem 4.21. // {X, vr) is a holomorphic Poisson manifold, then the complex Lie algebroid T'^'^X [x] 
(T^''^X)^ is isomorphic to the Dirac structure L^^, the —i-eigenbundle of the generalized complex 
structure 

_(J 

.0 -J\ 



as in Theorem \2.7\ 

We need a few lemmas. 
Lemma 4.22. 

L4. = {(xo-i + ^"^I'O, e n^'^^iX), e (27) 

Proof. It is clear that 

J4.(X°'\0) = (JX°'i,0) - -z(X"'\0). 
On the other hand, since ttJ = 5i ~ 7?'): it follows that 

Since 7r]j = J o tt J , we have 
It thus follows that 

Hence {X^'^ + tt"^^'", ^^'*') is an eigenvector of J47r with eigenvalue —i. The conclusion thus follows 
from dimension counting. □ 
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By abuse of notations, V denotes both the T^-^X-representation on (T^'^X)* and the (T^'°X)*- 
representation on T'^-^X. 

Lemma 4.23. For any X°-^ G X°-^{X) and ^^-^ G ^^-"{X), we have 

Vxo.i^^^° = Ljco,i^i'°. (28) 

Proof. For any F^^" G X^'°{X), we have 

^^0,1^^1,0^^1,0^ _ ^^1,0 j^O,l^yl,Oj^ 

= (L;,o,.C^'0,yi'0). 

Hence Vxo.i^i'O = Lxo.i^'^'^. □ 
Lemma 4.24. For any X°'^ G X°-^{X) and G n^-°{X), we have 

7r»Vxo,i^i'° = pri-°[7r»e^'0,X"-i]. (29) 

Proof. Note that if Y^-" G X^-°{X) is a holomorphic vector field, pri'"[X°'i, = 0. Hence it 
foUows that LxoATT G T{T°'^X A ri'°X), for tt G X'^^°{X) is a holomorphic bivector field. Therefore 
(Ljfo.i7r)«$i'° G X°'\X). That is, pri'"(Ljfo,i7r)«^i^o = 0. Now since 

applying pr^'^ to both sides, we obtain 

nHLx.^e-')=pr'''[X'-\nie-'] 

and, using Eq. ([28]) . 

7rKVxo^e'') = pr'''[X''\7rie'\ □ 

Proof of Theorem \4.21\ First, recall that the Lie bracket on r(L47r) is the restriction of the Courant 
bracket 

lX + ^,Y + 4^ [X, Y] + Cxv - J^Y^ + ^di^Y - TjX) 
ofr{TX ®T*X) [HlH]. 
Consider the map 

which is an isomorphism of vector bundles. It is clear that (j) interchanges the anchor maps. One sees 
immediately that 

[4>ix°'^), 0(y°'^)] = y°'i] vx^'", y^'° g x^'°{x) 

Now for any X°'^ G X°'^{X) and ^^^'^ G f^^^°(X), 
[0(X°^i),0(ei^°)] 

= [X°'\ 7r»e^'" + C^'"] (by definition of 0) 

= [X°'\7r«Ci'°] + Lxo,iCi'0 (by definition of |-, •]) 

^[X'''\Je''] + Vxo,ie^-° (by Eq. m) 

= pri'°[X°'\ 7r«e''°] + pr°-i[X"'i, 7r«e''"] + Vxo.i^^'" (since TpX = T^'"X T^^^X) 

= pri^0[X0'\7r»e''"]-Ve,oX0'i+Vxo,ie'^° (by Eq. m) 
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On the other hand, 

From Eq. ^9^, it thus foUows that 

Hence (p is indeed a Lie algebroid isomorphism. □ 
4.7 Holomorphic Poisson cohomology 

Consider the matched pair (T^^^X, (T^'^X)* ) associated to a holomorphic Poisson manifold {X,tt). 
With Propositions!] in mind, we set A = T°'^X and B = (T^-OX);. Then 

r(A'=A* ® a's*) ~ n°'''{x) ®c-(x,c) ~ f^°''^x^,r'^°x) 

and the commutative diagram of Proposition [43] becomes 



no.k^x,T'^°x) — ^r!0''=+i(^,r'^"x) (30) 
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The next proposition describes the coboundary operators Da and Ob in this context. 

Proposition 4.25. Let (T^'^X, (T^^'^X)* ) be the matched pair associated to a holomorphic Poisson 
manifold {X, tt) . Then 

(a) Oa ■■ Q°'^{X,T'"'^X) n°^''+'^{X,T'^'°X) is the d-operator associated to the holomorphic vector 
bundle T^'"X; 

(b) Db ■■ n°'''{X,T'^°X) n"^''{X,T'+^'°X) IS the operator d^ defined by the relation 

(d,a)(ri,...,n) = [7r,a(Yi,--- ,rfe)] + (-!)'=« J[7r,yi A •••Aii.], (31) 

where Yi , . . . , Yfe are arbitrary elements of X'^'^{X) and a _l [tt, Yi A • • • A Yfe] denotes the element 
in X''~^^'^{X) obtained by contracting a with the {k + l)-vector field [tt, Yi A • • • A Yfc]. 

Alternatively, if oj e n°'''{X) and P E X'-°{X), then 

n 

d^{uj (8) P) = w (8) [tt, P] + ^(i^»(e.)du;) (g) (e, A P), (32) 

1=1 

where (ei, . . . ,e„) is a basis ofT^-^X and (e^, . . . ,e") is the dual basis of {T^'^^X)* . 



Proof, a This is straightforward, b Since Eq. pTjl follows easily from Eq. ([32|) . we will only prove 
Eq. 



For any Ai, • • • , Ak G X°'i(X) and Bo,...,Bi e n^'"{X), according to Eq. ((19]), we have 
(9s(w <»P)){Ai,...,Ak,Bo,...,Bi) = T- uj{Ai, ...,Ak) 

I 

+ ^(-l)'5,-P(Po,...,i?.,...,5/) 
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Here 

I 



3=0 

I 



jl J2=0 

and, for i = 1, . . . , ?, 

fe 

= n\B,){uj{Au Ak)) - Eo^(Ai, . . . , Vb^Aj, . . .,Ak). 

It is clear that 

T= [7r,P](So,...,B0- (33) 
According to Eq. (|20p . we have Vs^Aj — pr°'^ [tt'S^, Aj]. Since w is a (0, fc)-form, it foUows that 

{[t:^ B„ Aj] ~ -pi^^^lT:^ B,, Aj]) _iuj = 0. 

As a consequence, we have 

Lu{Ai, . . . , Vb,Aj, ...,Ak)^ iu{Ai, . . . , [Jb„Aj], Ak). 

Therefore 

5, ^7T^{B,){cu{A,, . . . , Afe)) - J2 ^i^i^ • ■ - [T^'Sn ^j], • • • , ^fc) 

i=i 

= (-^Tr«(i3,)'^)(^l' ■ • ■ '^fc) 
= (v«(B0d^)(^l' ■ ■ ■,^k), 

where the last equality uses the relation i^j^.tj = 0. Hence it follows that 

I 

J2{-^yS,■P{Bo,■■■,B^^,■■■,Bl) 

4=0 

I 

= E(-l)*(^,,(B,)da;)(Al, ...,Ak) P{Bo, Bi) 



i=0 
I 



1=0 j=l 
n 

= H (M(e.)dt^) (Ai, . . . , Afc) (e, A P) (Bo, . . . , Bi). 
i=i 

This concludes the proof of the proposition. □ 
As an immediate consequence, we have the following 

Corollary 4.26. Let (A^, tt) be a holomorphic Poisson manifold. The following cohomologies are all 
isomorphic: 



(a) the holomorphic Poisson cohomology o/(A, tt); 
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(b) the complex Lie algebroid cohomology of L^tt,' 

(c) the total cohomology of the double complex 

(34) 

rfjr rf^r 

djj- d-TT cZ-n- 

djy dj^ d^r 

^0,0(^^^0,0^) r!0'i(X,TO'OX) n°-^{x,TO''>xf ^ • • • 

Here dj^ is the differential operator defined by Eq. (|3ip or Eq. (I32p . 

Remark 4.27. When X is a Stein manifold (for instance X — C"J, one easily sees that our Poisson co- 
homology groups are isomorphic to the ones defined by Lichnerowicz's cochain complex of holomorphic 
mutivector fields, as in the smooth case (see, for instance, f38f ). 

We also note that our holomorphic Poisson cohomology groups are always Rnite dimensional if the 
manifold is compact. 

References 

[1] J. Block, Duality and equivalence of module categories in noncommutative geometry I, (2007), 
arXiv : math/05092 84, 

[2] A. Bondal, Non-commutative deformations and Poisson brackets on projective spaces, Preprint 
no. 67, Max Planck Institut Bonn, 1993. 

[3] M. N. Boyom, KV-cohomology of Koszul-Vinberg algebroids and Poisson manifolds, Internat. J. 
Math. 16 (2005), no. 9, 1033-1061. 

[4] K. A. Brown, K. R. Goodearl, and M. Yakimov, Poisson structures on affine spaces and flag 
varieties. I. Matrix affine Poisson space, Adv. Math. 206 (2006), no. 2, 567-629. 

[5] J. L. Brylinski and G. Zuckerman, The outer derivation of a complex Poisson manifold, J. Reine 
Angew. Math. 506 (1999), 181-189. 

[6] S. Chemla, A duality property for complex Lie algebroids. Math. Z. 232 (1999), no. 2, 367-388. 

[7] A. Coste, P. Dazord, and A. Weinstein, Groupoi'des symplectiques, Publications du Departement 
de Mathematiques. Nouvelle Serie. A, Vol. 2, Publ. Dep. Math. Nouvelle Ser. A, vol. 87, Univ. 
Claude-Bernard, 1987. 

[8] M. Crainic, Generalized complex structures and Lie brackets, ( 2007) . farXiv : inath/0412097| 

[9] P. A. Damianou and R. L. Fernandes, Integrable hierarchies and the modular class, (2007), 
|arXiv:inath/0607784| 

[10] V. G. Drinfel'd, Gonstant quasiclassical solutions of the Yang-Baxter quantum equation, Dokl. 
Akad. Nauk SSSR 273 (1983), no. 3, 531-535. 

29 



[11 

[12 

[13: 

[14 
[15 

[16: 

[17 
[18 
[19 

[20 

[21 

[22 
[23 

[24 

[25: 

[26 

[27 

[28 
[29: 

[30 
[31 



, Hamiltonian structures on Lie groups, Lie bialgebras and the geometric meaning of clas- 
sical Yang-Baxter equations, Dokl. Akad. Nauk SSSR 268 (1983), no. 2, 285-287. 

S. Evens and J.-H. Lu, On the variety of Lagrangian subalgebras. /, Ann. Sci. Ecole Norm. Sup. 
(4) 34 (2001), no. 5, 631-668. 

, On the variety of Lagrangian subalgebras. II, Ann. Sci. Ecole Norm. Sup. (4) 39 (2006), 



no. 2, 347-379. 

, Poisson geometry of the Grothendieck resolution of a complex semisimple group, Mosc. 

Math. J. 7 (2007), no. 4, 613-642. 

S. Evens, J.-H. Lu, and A. Weinstein, Transverse measures, the modular class and a cohomology 
pairing for Lie algebroids. Quart. J. Math. Oxford Ser. (2) 50 (1999), no. 200, 417-436. 

M. Gualtieri, Branes on Poisson varieties, f2007). larXiv : 0710 . 27191 

, Generalized complex geometry, (2007), rarXiv:math/0401221| 

N. Hitchin, Generalized Calabi-Yau manifolds, Q. J. Math. 54 (2003), no. 3, 281-308. 

, Instantons, Poisson structures and generalized Kdhler geometry. Comm. Math. Phys. 

265 (2006), no. 1, 131-164. 

J. Huebschmann, Poisson geometry of certain moduli spaces, The Proceedings of the Winter 
School "Geometry and Physics" (Srni, 1994), no. 39, 1996, 15-35. 

, Duality for Lie-Rinehart algebras and the modular class, J. Reine Angew. Math. 510 



(1999), 103-159. 

D. Huybrechts, Complex geometry, Universitext, Springer- Verlag, Berlin, 2005, An introduction. 

K. Iwasaki, Fuchsian moduli on a Riemann surface — its Poisson structure and Poincare-Lefschetz 
duality, Pacific J. Math. 155 (1992), no. 2, 319-340. 

A. Kapustin, Topological strings on noncommutative manifolds. Int. J. Geom. Methods Mod. 
Phys. 1 (2004), no. 1-2, 49-81. 

D. Korotkin and H. Samtleben, On the quantization of isomonodromic deformations on the torus. 
Internal. J. Modern Phys. A 12 (1997), no. 11, 2013-2029. 

Y. Kosmann-Schwarzbach, The Lie bialgebroid of a Poisson- Nijenhuis manifold, Lett. Math. Phys. 
38 (1996), no. 4, 421-428. 

Y. Kosmann-Schwarzbach and F. Magri, Poisson-Nijenhuis structures, Ann. Inst. H. Poincare 
Phys. Theor. 53 (1990), no. 1, 35-81. 

, On the modular classes of Poisson-Nijenhuis manifolds, (2007) , [arXiv : math/ 0611202[ 



Z.-J. Liu, A. Weinstein, and P. Xu, Manin triples for Lie bialgebroids, J. Diff'erential Geom. 45 
(1997), no. 3, 547-574. 

J.-H. Lu, private communication. 

, Poisson homogeneous spaces and Lie algebroids associated to Poisson actions, Duke Math. 



J. 86 (1997), no. 2, 261-304. 



[32] K. C. H. Mackenzie, Ehresmann doubles and Drinfel'd doubles for Lie algebroids and Lie bialge- 
broids, (2007), arXiv: math/06 11799, 

30 



[33] K. C. H. Mackenzie and P. Xu, Lie bialgehroids and Poisson groupoids, Duke Math. J. 73 (1994), 
no. 2, 415-452. 

[34] F. Magri and C. Morosi, On the reduction theory of the Nijenhuis operators and its applications to 
Gef fand-Dikii equations, Proceedings of the lUTAM-ISIMM symposium on modern developments 
in analytical mechanics, Vol. II (Torino, 1982), vol. 117, 1983, 599-626. 

[35] , Old and new results on recursion operators: an algebraic approach to KP equation, Top- 
ics in soliton theory and exactly solvable nonlinear equations (Oberwolfach, 1986), World Sci. 
Publishing, Singapore, 1987, 78-96. 

[36] T. Mokri, Matched pairs of Lie algebroids, Glasgow Math. J. 39 (1997), no. 2, 167-181. 

[37] R. Moraru, Integrable systems associated to a Hopf surface, Canad. J. Math. 55 (2003), no. 3, 
609-635. 

[38] A. Pichereau, Poisson (co)homology and isolated singularities, J. Algebra 299 (2006), no. 2, 747- 
777. 

[39] A. Pohshchuk, Algebraic geometry of Poisson brackets, J. Math. Sci. (New York) 84 (1997), no. 5, 
1413-1444. 

[40] M. A. Semenov-Tian-Shansky, Dressing transformations and Poisson group actions, Publ. Res. 
Inst. Math. Sci. 21 (1985), no. 6, 1237 1260. 

[41] M. Stienon and P. Xu, Poisson quasi- Nijenhuis manifolds. Comm. Math. Phys. 270 (2007), no. 3, 
709-725. 

[42] L. Stolovitch, Sur les structures de Poisson singulieres, Ergodic Theory Dynam. Systems 24 
(2004), no. 5, 1833-1863. 

[43] I. Vaisman, Complementary 2-forms of Poisson structures, Compositio Math. 101 (1996), no. 1, 
55-75. 

[44] A. Weinstein, The integration problem for complex Lie algebroids. From geometry to quantum 
mechanics, Progr. Math., vol. 252, Birkhauser Boston, Boston, MA, 2007, 93-109. 

[45] P. Xu, Gerstenhaber algebras and BV-algebras in Poisson geometry, Comm. Math. Phys. 200 
(1999), no. 3, 545-560. 



31 



